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Exact equilibrium state for pair plasmas near the horizon of a Schwarzschild black hole
Felipe A. Asenjo1, ∗
1Facultad de Ingenier´ıa y Ciencias, Universidad Adolfo Iba´n˜ez, Santiago, Chile.
A pair plasma in hidrostatic equilibrium near the horizon of a Schwarzschild black hole is an exact
state. In this work, we show that an exact non–hidrostatic equilibrium state can be sustained for a
pair plasma, in which its constituents are moving near the horizon of the black hole. This equilibrium
state solution is not due to a vortical formalism, but by the balance of forces in the plasma. This
new equilibrium state has a pressure for the hydrostatic equilibrium, although the plasma moves.
The equilibrium is achieved by the generation of a magnetic field that emerges by the interplay
between the plasma dynamics and the gravitational field, having no flat spacetime analogue. No
electric fields are needed to sustain the equilibria. The magnetic field shows an exponential decaying
behavior, governed by a function that depends on the properties of the pair plasma and the black,
and that plays the role of a characteristc length of the dynamics of the magnetic field.
PACS numbers: 04.70.Bw; 52.27.Ep; 52.27.Ny;
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I. INTRODUCTION
Equilibrium states can be one of the most interesting
dynamical systems in plasmas, as they can, in princi-
ple, be physically possible at any scale [1–7]. In particu-
lar, the equiblibrium states can be sudied for relativistic
plasmas in flat spacetimes (see for example Refs. [8–11]).
Therefore, one relevant question is if any curvature of
spacetime can alter previous steady–states or even trig-
ger new ones.
Equilibria for plasmas in curved spacetime, for exam-
ple around black holes, have been studied thoroughly by
using (among others) the force–free scheme in magneto-
hidrodynamics [12–17] or generalized vortical dynamics
[18–22]. However, one can ask if exist a straightforward
equilibrium state in the simplest curved spacetime, the
Schwarzschild black hole. For example, in Ref. [22] equi-
librium states for the total vorticity of the plasma (elec-
tromagnetic plus fluid vorticities) is found to have a su-
perconducting behavior for plasmas around black holes.
As this topic can bring new insights on plasma dy-
namical behavior on curved spacetime, it is the purpose
of this work to show that exact equilibrium state exists
for a pair plasma that does not correspond to previously
known solutions. The equilibrium state presented here is
obtained under the general two–fluid plasma formalism,
which takes into account the gravitational field produced
by the static black hole (and not using the force–free ap-
proach neither a vorticity formalism). As we will show
in this short paper, the equilibrium can be achieved for
a moving plasma near the horizon of the black hole, and
for a specific choice of the pressure profile (that allows to
mantain an hydrostatic equilibrium when the plasma is
not moving).
We start with the general two–fluid plasma equations
written in the 3 + 1 formalim. In Sec. II, we establish
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the equations and conditions for an equilibrium state.
In Sec. III, we study the hidrostatic equilibria near the
horizon of a Schwarzschild black hole. This allows us to
obtain the pressure and densities profiles of the plasma
in that state. In Sec. IV, we discuss how a more general
equilibrium state can be obtained for a plasma with the
same pressure profile but not in hidrostatic equilibrium.
This is achieved for a plasma moving at constant distance
near the horizon. In Sec. V we discuss that solution.
In general, in a Schwarzschild background, the curva-
ture of spacetime is given by the metric
ds2 = −α2dt2 +
dr2
α2
+ r2dΩ2 ,
α ≡
√
1−
2M
r
, (1)
where M is the mass of the black hole (c = 1 = G along
this work), r is the radial distance to it, and dΩ2 = dθ2+
sin2 θ dφ2 is the spherical solid angle, with 0 ≤ θ ≤ pi, and
0 ≤ φ ≤ 2pi. Above, α is called the lapse function, as it
represents the changes in proper time due to curvature.
The complete and general dynamics for a multi-specie
plasma can be written for fiducial observers (FIDOs).
Following Ref. [23], we describe the plasma in a vectorial
notation, where each gravitational contribution due to
the curvature becomes explicit into the formalism. In this
way, the gravitational acceleration by the Schwarzschild
black hole measured by FIDOs is simply
a = −∇ lnα , (2)
wich is the generalization of the Newtonian gravitational
force. Here, ∇ is the Laplace operator in this curved
spacetime,
Following Ref. [23], for the metric (1), the general
multi-specie plasma equations written for FIDOs are
composed by the continuity equation (with a subscript
s for each species)
∂
∂t
(γsns) +∇ · (αγsnsvs) = 0 , (3)
2where n is the plasma density, v is the three-dimensional
velocity, and γ is its associated Lorentz factor γ = (1 −
v · v)−1/2. For each species, we can also find the energy
equation
1
α
∂Ps
∂t
−
1
α
∂
∂t
(
γ2sHs
)
−∇ ·
(
γ2sHsvs
)
+γsqsnsE · vs + 2γ
2
sHsa · vs = 0 , (4)
where m and q are the mass and charge of each plasma
specie component, P is the pressure, the enthalpy H =
ε + P , with ε as the total energy density, and E as the
electric field. The plasma density and pressure are re-
lated by the a polytropic equation of state
Ps = βsns
Γs , (5)
where βs and Γs (the polytropic index) are constants. In
this way, it is obtained that [23]
Hs = msns +
Γs
Γs − 1
Ps . (6)
On the other hand, the momentum equation explicitly
displays the gravitational force on the plasma
γ2sHs
(
1
α
∂
∂t
+ vs · ∇
)
vs +∇Ps
−γsqsns(E+ vs ×B) + vs
(
γsqsnsE · vs +
1
α
∂Ps
∂t
)
+γ2sHs[vs(vs · a)− a] = 0 , (7)
where B is the magnetic field. Finally, these equations
are complemented with Maxwell equations written in the
Schwarzschild metric
∇ ·E = 4pi
∑
s
qsγsns , (8)
∇ ·B = 0 , (9)
∇× (αE) = −
∂B
∂t
, (10)
∂E
∂t
= ∇× (αB)− 4piα
∑
s
qsγsnsvs . (11)
II. EQULIBRIUM NEAR THE HORIZON
Plasmas in a Schwarzschild background have been ex-
tensively study prevously (see for example Refs. [22, 24–
29]). However, in this work we are interested in plasma
dynamics very near the black hole horizon. For this pur-
pose, it is wise to work in the Rindler approximation [30].
By perfoming the transformations
x = 2M(θ − pi/2) , y = 2Mφ , z = 4Mα , (12)
near the point (r = 2M, θ = pi/2, φ = 0), the
Schwarzschild metric (1) approximates to
ds2 = −α2dt2 + dx2 + dy2 + dz2 , (13)
for small z. Rindler metric (13) is locally spatial flat
very near the black hole horizon, with the gravitational
effects along the z–direction. Thereby, the gravitational
acceleration (2) near the horizon is now simply given by
a = −
zˆ
z
. (14)
This the main advantage of Rindler geometry. Very near
the horizon, it allow us to write the previous general
curved spacetime equations (3)–(11) into a spatially flat
foliation without the complication of the effect of curved
spatial geometries.
We use Rindler metric to study a simple equilibrium
state (∂/∂t ≡ 0) for a non–trivial pair plasma (s = e, p)
near the black hole horizon. In general, this equilib-
ria is not hidrostatic. This equilibrium exists for a pair
plasma pressure profile that help to mantain the hydro-
static equilibrium against gravity of the black hole. How-
ever, the plasma is moving, creating a current that gives
origin to a magnetic field that helps to sustain the equi-
libria. This state does not produce electric fields. The
created magnetic field emerges only due to the interplay
between the plasma and the gravitational field, and it has
no counterpart in the flat spacetime limit neither in the
cold plasma limit. Below, we show that this equilibrium
state is an exact solution of the plasma system.
First, let us assume that every plasma dynamical quan-
tity has only z–dependence. The plasma is confined to
move only at constant distance from the horizon, with
the form v = v(z) = vx(z)xˆ+ vy(z)yˆ, in the spatialy flat
Rindler geometry. Then v · zˆ = 0, and v · a = 0. There-
fore, the continuity equation (3) is identically satisfied in
this equilibrium state. Similarly, the energy equation (4)
is identically satisfied for a plasma without electric fields.
On the other hand, the momentum equation (7) for each
species along the z–direction becomes
dPs
dz
− γsqsns(vxsBy − vysBx) +
γ2sHs
z
= 0 , (15)
as vs · ∇ ≡ 0, and where we have used a given by (14).
We also have chosen that the magnetic field B = B(z) =
Bx(z)xˆ + By(z)yˆ is only transversal B · zˆ = 0. Other
components of momentum equation vanish identically.
Finally, Maxwell equations for pair plasma are also re-
duced to
γene = γpnp , (16)
−
d
dz
(zBy) = 4pize (γpnpvxp − γenevxe) , (17)
d
dz
(zBx) = 4pize (γpnpvyp − γenevye) . (18)
Under the previous conditions, the equilibrium state
satisfies the momentum equation (15), the quasi–
neutrality condition (16) and the Ampe`re’s law (17) and
(18).
3III. HYDROSTATIC EQUILIBRIA
Despite of the general possible solution of previous set,
it is relevant first to obtain the most simple hydrostatic
equilibrium solution. Consider a stationary and static
plasma fluid. Each plasma specie has no velocity and
therefore no electromagnetic fields associated to it. In
this case, the Lorentz factor becomes γs = 1 for both
species. As a consequence, both species have equal den-
sities. These densities can be found by solving the equi-
libria.
The hydrostatic equilibrium state can be solved
through the momentum equation (15), that now reduces
to
dPs
dz
= −
Hs
z
. (19)
The hidrostatic equilibrium for each specie is obtained as
pressure gradients balance the gravitational attraction
near the horizon. By using Eqs. (5) and (6), we can
readily find that density for each specie is given by
ns =
(
Γs − 1
βs Γs
)1/(Γs−1) [4Mm0s
z
−ms
]1/(Γs−1)
, (20)
where m0s is a constant with mass units. We can also
find that
Hs =
4Mm0s ns
z
. (21)
Pressure Ps = βsn
Γs
s , with density given by (20), is
the thermodynamical condition for a static and station-
ary plasma to remain in equilibrium near the horizon
of Schwarzschild black hole, balancing the gravitational
force with the gradient of pressure. In principle, each
plasma specie could have different pressure in order to
balance the gravity felt by its constituent masses. How-
ever, for a pair plasma, pressures and densities can be
equal for both electron and positron components ne =
np, by requiring equal polytropic indexes Γe = Γp = Γ,
and constants βe = βp = β, and m0e = m0p = m0. This
is only possible due to equal masses of the pair plasma
constituents, and it is no longer valid if we introduce ions.
IV. EQUILIBRIUM STATE WITH GENERATED
MAGNETIC FIELD
One relevant question is if it is possible to find an equi-
librium state different from a static one. In this section
we show that this state is possible for a pair plasma mov-
ing near the horizon of Schwarzschild black hole, creat-
ing in the process a magnetic field, that allow to mantain
the equilibrium. The state is an exact solution of system
(15)–(18), under the following assumptions.
In general, the momentum equation (15) defines an
equilibria for a given thermodynamics. From all the posi-
bilties for pressures, we show below that if the species sat-
isfy the hidrostatic pressure equilibrium condition (19),
with equal densities (20) for electrons and positrons, then
the plasma can sustain a new exact class of equilibrium
state when is moving, and thus, it is no longer in a hidro-
static equilibrium.
As the new equilibrium state is defined by requiring
the plasma to have a pressure profile that satisfies (19),
Eq. (15) becomes
(−1 + γ2s )
Hs
z
= γsqsns(vxsBy − vysBx) . (22)
As the plasma is moving, then γs 6= 1, and a magnetic
field is required to mantain the equilibrium. Let us look
for a solution in the form
vxs = χsBy ,
vys = −χsBx , (23)
such that now γs = (1 − χ
2
sB
2)−1/2, where B2 ≡ B ·B.
With this, and by using (21), the momentum equation
(22) gives the condition
γsχs =
qsz
2
4Mm0s
. (24)
As it was discussed in the previous section, we can re-
quire that electrons and positrons have the same equi-
librium density. This implies that m0e = m0p = m0,
and then γeχe = −γpχp. This last condition also implies
that electrons and positrons have the same Lorentz fac-
tors γe = γp (as γ
2 − γ2v2 = 1). All of this is consistent
with the quasi–neutrality condition (16), implying that
the plasma drift motion between species does not create
any electric field, as we assumed above. In particular, we
can obtain from the Lorentz factor that
|vx| = |vy| =
(
1 +
16M2m0
e2z4B2
)
−1/2
, (25)
for both species. Notice that not every choice of a pres-
sure gradient will allow us to obtain an exact solution as
the one presented here.
In order to complete the equilibrium system, we need
to solve the Maxwell equations (17) and (18). With the
assumption (23), Eq. (17) becomes
d
dz
(zBy) = −
2piz3e2n
Mm0
By , (26)
where density n is given by
n(z) =
(
Γ− 1
β Γ
)1/(Γ−1) [
4Mm0
z
−me
]1/(Γ−1)
, (27)
with the electron mass me. It is straightforward to show
that Bx satisfies the same equation. Thereby, the mag-
netic field is generally given by
Bx(z) = By(z) =
B0
z
exp
(
−
2pie2
Mm0
∫
z
z2n(z)dz
)
, (28)
4where B0 is a constant. The integral term plays the role
of a characteristic length that now depends on the dis-
tance to the horizon. The general solution is in terms
of hypergeometric functions. However, if we are close to
the horizon, such that 4Mm0/me ≫ z, then we can read-
ily calculate some explicit solutions. For a hot gas with
Γ = 4/3, the above solution acquires the form
Bx(z) = By(z) = B0 z
−1−2pie2M2m2
0
/β3 , (29)
while that for other polytropic indexes (such that the
ones for cold gases Γ = 5/3), we can find that very close
the horizon
Bx(z) = By(z)
=
B0
z
exp
[
−
8pie2(Γ− 1)
Γ
Γ−1 (4Mm0)
2−Γ
Γ−1
(3Γ− 4)(βΓ)
1
Γ−1
z
3Γ−4
Γ−1
]
,
(30)
Notice that our analisys is near the horizon, and
thus, magnetic fields solutions (28) do not have a flat–
spacetime limit. The characteristic length of the mag-
netic field dynamics emerges as a consequence of the in-
teraction of the plasma with the curved spacetime. It
contains information of the dynamical length of the pair
plasma through the inverse of the plasma frequency (pro-
portional to e2n/m) and the relevant length of a the black
hole through its mass M .
V. DISCUSSION
The magnetic field (28) is produced by the current
due to the counter-streaming electrons and positrons,
and their interaction with the gravitational field of the
black hole. It has no classical counterpart, and as a con-
sequence this generated magnetic field is driven by the
curvature of spacetime.
The idea that the interaction between gravitational
fields and plasma dynamics can create magnetic field
was explored in Ref. [33, 34], and then deeply studied
in Refs. [18–22]. The result for the magnetic field (28)
is in agreement with the ideas and concepts presented
in those references. However, its nature is different as its
origin is not coming from vorticity. Unlike from the equi-
librium magnetic fields in a generalized vorticity context,
the analisys shown along this work does not use a vortical
formalism. In fact, by taking the curl of Eq. (15), pres-
sure contribution vanishes. Therefore, the equilibrium
state generated by the magnetic field (28) and velocities
(23) cannot be obtained within a vorticity scheme.
It is important to stress that the magnetic field (28)
is the exact solution for an equilibrium state that is not
hidrostatic, but it has the pressure profile of a hidrostatic
equilibrium. This non-hidrostatic equilibrium is achieved
by the dynamical interplay among the current, the mag-
netic field and the pressure, altogether against the gravity
pull of the black hole.
On the other hand, the obtained magnetic field (28),
that satisfies Eq. (26), is in the same spirit that those
superconducting magnetic fields from vortical solutions
found in Refs . [22, 35]. The characteristic length of the
magnetic field [the integral term in (28)] contains infor-
mation on the mass of the Schwarzschild black hole. This
term is a kind of a skin depth for the magnetic field, in
an analogous way for superconductivity, with magnetic
field satisfying the London equation . However, it works
in a different way as it can be seen in explicit solutions
(29) and (30). The magnetic field is confined to distances
z <
(
Mm0/e
2n
)1/3
near the horizon, evolving in a very
narrow zone. FIDOs far from the horizon do not measure
any magnetic field, but as soon as get closer to the nar-
row zone, it would measure a large magnetic field. Hence,
the magnetic field is confined close to the black hole, un-
detected from very far from it. This is like an inverse be-
havior to a superconductor (in which the magnetic field
is expulsed from it). This behavior is a consequence of
the kind of equilibrium states we are seeking, differently
from the vortical ones. They can be generalized if dif-
ferent pressure profiles are used, but that approach does
not guarantee to find an exact solution for an equilibrium
state.
Finally, it is possible that a more general equilibria
can exist for complex curved spacetimes, as rotating Kerr
black holes. However, several of our assumptions must be
relaxed in order to be able to establish if the system can
sustain an equilibrium state or if there is an appearing of
instabilities [28].
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